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ABSTRACT
Replicated multicast servicedealswith the well-known prob-
lem of heterogeneity by dividing receivers into multiple mul-
ticast groups. Most of current work focuseson optimizing
the social welfare represented as a sum of someperformance
measuresof receivers. In this paper we de�ne a new concept
called intr a-sessionfairness and present an optimal solution
to achieve fairnessamong receivers in the samesession.The
goal is to maximize the minim um fairness value of the re-
ceivers. The novelty of the framework is that it is inde-
pendent of the speci�c de�nition of the fairness function.
We illustrate a layering method to implement the max-min
intra-session fair allocation and demonstrate the signi�can t
di�erence in fairness achieved by the maximal social welfare
algorithm and the max-min intra-sessionfairnessalgorithm.

Categories and Subject Descriptors
C.4 [Performance of Systems ]: Modeling techniques

General Terms
Design, Performance, Algorithms

Keywords
fairness, multicast, replication

1. INTRODUCTION
Multicast communication achieves scalability by sending

data to multiple receivers at the same time. Receivers in
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Figure 1: A multicast session with a single group

the same multicast sessionusually share the fate with each
other. A conventional multicast sessionusually consistsof a
single multicast group and receivers have to get data at the
same rate, even if their capabilities are quite di�eren t. In
someapplications the sendersimply transmits at the lowest
rate of all the receivers. It is not so fair, to someextent, to
those receivers capable of receiving at a much higher speed.
In other applications receivers can tolerate a certain degree
of packet lossand we can set the sendingrate higher than the
lowest rate. For example, for a multicast video-on-demand
server, setting its sending rate higher than the lowest rate
may improve the fairness 1 among receivers in the same
session. In Figure 1 where a single group multicast session
consists of one server S and four receivers R1; R2; R3 and
R4, we can set the group rate to 2 (the lowest rate), or
set the rate somewhat higher (say 4). Here comesthe �rst
question.

Question #1: In a sessionwith a single multicast group,
how should we set the group rate so that it is fair to some
extent to both fast and slow receivers?

More recently , using multiple multicast groups has been
proposedto deal with the heterogeneity problem among re-
ceivers in the multicast communication [2, 7]. Theseschemes
tend to put those receivers with similar capacities to the
same group and it is fairer to those receivers with a higher
capacity. In Figure 1, we can let server S form two multicast
groups and each group transmits at a di�eren t rate. For ex-

1Fairness is a vague concept. To some people, it means all
parties involved get the equal share. To others, it means
they get the share proportional to their capacities. We will
give a formal de�nition of max-min intra-session fairness in
Section 3.
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Figure 2: A multicast session with multiple groups

ample, receivers R1; R2 join onegroup sending at rate 2 and
receiversR3; R4 join the other group sendingat rate 8. Note
that all receivers R1; R2; R3 and R4 are still in the same
multicast sessioneven though they are allocated to di�eren t
groups. This is becausethey are still receiving the samecon-
tent, and it is perfectly �ne to move a receiver (R1; � � � ; R4)
from onegroup to another though there may be performance
consequences.A more general form of replicated multicast
service is the replication of multicast servers. For example,
in Figure 2 we have the multicast server S replicated at an-
other place S2, which sendsout the samecontent as S, but
possibly at a di�eren t rate (th us qualit y). Each of them can
form one or more multicast groups and each receiver will be
allocated to one of the groups from either server.

We needcriteria to guide the allocation of receivers to one
of the multicast groups in the session.The most widely used
measureis the sum of utilities of receivers [7]. Receivers are
divided into groups and the group rates are set in such a way
that the sum is maximized. This may achieve better social
welfare but, at the same time, has to sacri�ce performance
of some receivers and thus unfair. Here comes our second
question.

Question #2: In a sessionwith multiple multicast groups,
how should we divide receivers into groups and set the rates
of those groups so that it is fair to some extent to all re-
ceivers?

In this paper we give a formal de�nition of intr a-session
fairness among receivers in the samemulticast session.The
concept is basedon a fairness function de�ned for individual
receivers and the goal is to maximize the minim um value of
fairness of receivers in the samesession.

Starting with a single group multicast session, we give
optimal solutions to the rate assignment problem (question
#1) for a variety of fairness function de�nitions. Note the
solution is speci�c to a fairnessfunction and we believe there
always exists an optimal solution to any fairness function.
Then for a sessionwith multiple groups, we give an algo-
rithm that can generate an optimal solution to the problem
of grouping and rate assignment (question #2). The novelty
of the solution method is that it is a general framework and
independent of the speci�c de�nition of the fairnessfunction.
It can be used to solve the grouping and rate assignment
problem in a sessionwith multiple multicast groups as long
as we have a solution to the rate assignment problem for
the fairness function in the single group session. We illus-
trate a method of implementing the max-min intra-session
fair allocation by layering and demonstrate the signi�can t
di�erence in fairness achieved by the maximal social welfare
algorithm and the max-min intra-session fair allocation.

The rest of the paper is organized asfollows. Related work
is discussedin Section 2. Section 3 givesa formal de�nition
of intra-sessionfairness. In Section 4 we present optimal so-
lutions to the max-min intra-sessionfairness problem in ses-
sions with a single group and with multiple groups. We also
give performance evaluation of the algorithms, in compari-
son with the maximal social welfare algorithms. Section 5
discussesthe implementation issuesand illustrates a layer-
ing method for video streaming applications. We conclude
the paper in Section 6.

2. RELATED WORK
Fairness is one of the key issuesin bandwidth allocation.

Max-min fairness [5] aimed at maximizing the minim um
bandwidth allocated to 
o ws involved. The bandwidth is
equally divided among all 
o ws for each link. The rate of
each 
o w is determined by the minim um rate allocated to
it by the links from the source to the destination. The 
o w
with minim um rate is assigned its bottleneck rate and the
bandwidth it does not use in other links will be divided
equally among other 
o ws. The process is repeated until
we determine the allocation for all 
o ws. It is extended to
the multicast case in [10], where all receivers in the same
multicast group are allocated the same group rate, which
is determined by all links involved from the sender to all
receivers in the group. The goal is still to maximize the
minim um rate of all receivers. The utilit y max-min fairness
maximizes the minim um of the utilit y of receivers instead of
the rate [3].

Multi-rate max-min fair allocation by Rubenstein et al
extended the multicast max-min fairness further to the case
where receivers in the samemulticast sessioncan receive at
di�eren t rates [9]. However the allocation algorithm can-
not be used to answer the two questions raised in Section 1
becauseits target is the inter-session fairness. Further, to
implement multi-rate max-min fairness end-to-end, we have
to use up to n groups if we have n receivers. If the number
of groups we can use is smaller than n, we still have the
problems of deciding the allocation of receivers into groups
and choosing a rate for each group, in a way that is fair to
receivers. This is the intr a-sessionfairness problem we want
to solve in this paper.

Another related work is the useof multiple multicast groups
to deal with the problem of heterogeneousreceiver capaci-
ties [1, 8, 2, 7]. In the scheme of destination set splitting [1]
the sender would send to di�eren t groups at di�eren t rates
controlled by the feedback from the receivers in each group.
Multiple multicast channels were also used in a reliable mul-
ticast scheme to reduce end-host processingcosts and net-
work bandwidth usage[8]. Bhattac haryya et al designed a
schemeto minimize the averagetransfer time by using multi-
ple multicast groups in bulk data transfer [2]. More recently
the work by Kar addressedthe problem of achieving rates
that maximize the total receiver utilit y for multirate multi-
cast sessions[7]. Most of them aimed at optimizing some
performance measurethat is the summation (or average) of
receivers' performance, at the cost of sacri�cing performance
of somereceivers.

Most closely related work is the inter-receiver fairness
which intends to solve the same intra-session fairness prob-
lem [6]. A fairnessfunction is de�ned for individual receivers
and the inter-receiver fairness is de�ned as the weighted sum
of the fairness' of all receivers. Our observation is that the



sum is optimized, but the fairnessof each individual receiver
is not taken care of. Therefore it is still a maximal social
welfare allocation. The point is that the distinction between
social welfare and intra-sessionfairness is not in the form of
performance function de�ned for individual receivers, but in
how they are combined to represent the �nal performance
measurewe want to optimize.

3. MODEL

3.1 Performance Measure of an Individual Re-
ceiver

Performanceof receiverscan bemeasuredin di�eren t ways.
For bulk data transfer we may be interested in the rate a
receiver can get data from the sender. For multimedia ap-
plications we may de�ne more complicated utilit y functions,
such as the proportion of useful data.

Considering the fact that receivers may have di�eren t ca-
pacities (either due to the processingspeed, or the rate of
its accesslink, or its fair share at the bottleneck link), we
de�ne the measurement function with two parameters. One
is the capacity (c) of the receiver and the other is the rate
(r ) of the multicast group it receives data from. Here are
someexamples.

1) f 1(c; r ) = min (c; r ) =

�

r if r � c
c if r > c

2) f 2(c; r ) = min ( c;r )
max ( c;r ) =

�

r =c if r � c
c=r if r > c

3) f 3(c; r ) =

�

r 2=c2 if r � c
c2=r2 if r > c

4) f 4(c; r ) = �

� �

1 � (1 � r =c)2 if r � c
1 � (1 � r =c)2 if c < r � 1:5c
1:125c=r if r > 1:5c

The performance can be as simple as the actual receiving
rate as in f 1 , which targets at getting an equal share for
each receiver. An alternativ e is the ratio of the group rate
over the capacity such as f 2 , which tries to achieve the goal
that each receiver gets the rate proportional to its capac-
it y. Performance measurement for individual receivers can
be even more complicated (e.g., using functions f 3 and f 4).
For most multimedia applications, even if a receiver has to
drop some packets when the sending rate is higher than its
capacity, there is still some value to the receiver. That is
why we de�ne f (c; r ) > 0 when r > c in these functions.
However, the value to the receiver when it has to drop pack-
ets is not as good as in the casewhere the sending rate is
equal to its capacity. As a matter of fact, as the sending
rate (r ) increases in the range (c;+ 1 ), the fairness value
decreasesin f 2 ; f 3 and f 4 . This implies that the higher the
sending rate, the lessvalue for the receiver in this range.

In someother applications, such as �le or software distri-
bution, date are no use at all for a receiver if the server is
sending at a rate (r ) greater than its capacity (c) and the
receiver may lose part of a �le. In this casewe may prefer
the following fairness functions that have value 0 if r > c.

1') f 0
1(c; r ) =

�

r if r � c
0 if r > c

2') f 0
2(c; r ) =

�

r =c if r � c
0 if r > c
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Figure 3: Fairness Functions

3') f 0
3(c; r ) =

�

r 2=c2 if r � c
0 if r > c

4') f 0
4(c; r ) =

�

1 � (1 � r =c)2 if r � c
0 if r > c

We plot functions f 1 , f 2 , f 3 and f 4 in Figure 3 with c = 1.
All these functions (including f 0

1 ; f 0
2 ; f 0

3 and f 0
4) have the fol-

lowing property: it monotonically increasesover (0; c) and
decreasesover (c;+ 1 ). The intuition behind this is that
the closer the group rate to the capacity the better its per-
formance, and a receiver achieves the maximal utilit y or
fairness if the group rate is equal to its capacity.

Basedon measuresde�ned for individual receivers, we will
de�ne social welfare and intr a-session fairness. We want to
emphasize that our de�nitions and algorithms do not de-
pend on any speci�c form of functions de�ned for individual
receivers and one can use whatever performance measure
he/she thinks appropriate for a speci�c application.

3.2 Social Welfare
The social welfare emphasizesthe total or average per-

formance of all receivers. We de�ne the social welfare of a
sessionas the weighted sum of performance measuresover
all receivers, i.e.,

W =
n

�

i =1

wi � f (ci ; r g( i ) )

where ci is the capacity of receiver i , r g( i ) is the rate of the
multicast group (g(i )) receiver i is allocated to.

The weights (wi 's) and function f will be determined by
a speci�c application. Even if f is somefairnessmeasurefor
each receiver (for example f 2), we still consider W is a social
welfare measure,not an intra-session fairness measure.

3.3 Intra-Session Fairness
Intra-sessionfairnessachievesthe fairnessamong receivers

in the samemulticast session.Unlik e the social welfare mea-
sure, the main focus is on each individual value of someper-
formance function f for receivers. Therefore we de�ne the
intra-sessionfairnessto be a vector of performance measures
of receivers 2 . Given n receivers, the intra-session fairness

2Actually it can also be de�ned as a multi-set of values of



of an allocation is de�ned as a vector, i.e.,

F = hv1 ; v2 ; � � � ; vn i

where vi = f (ci ; r g( i ) ) and ci is the capacity of receiver i ,
r g( i ) is the rate of the multicast group (g(i )) receiver i is
allocated to.

To compare the relativ e fairness between allocations, we
de�ne an ordering over the fairness vectors. It is hard to
compare two vectors if their elements (vi 's) are not ordered.
Our idea is that for each vector we de�ne a canonical form
in which elements in the vector are ordered. We then de�ne
an ordering over the canonical forms and �nally extend that
ordering to any fairness vectors.

Def 1: The canonical form of vector F is denoted as C(F ).
If F = hv1 ; v2 ; � � � ; vn i , then C(F ) = hu1 ; u2 ; � � � ; un i , where
u1 ; u2 ; � � � ; un is a permutation of v1 ; v2 ; � � � ; vn , and ui �
ui +1 for all 1 � i � n � 1.

Def 2: We de�ne an ordering � v over canonical forms.
hu1 ; u2 ; � � � ; un i � v ht1 ; t2 ; � � � ; tn i i� there exists an i (1 �
i � n) such that ui < t i and for all 1 � j < i , uj = t j .

Def 3: Two vectors F1 � v F2 i� C(F1) � v C(F2).

To make it complete we de�ne an equivalent relation over
fairness vectors.

Def 4: Two vectors F1 = v F2 if they have the samecanon-
ical form, i.e., C(F1) = C(F2).

Def 5: Two vectors F1 � v F2 if F1 � v F2 or F1 = v F2 .

The goal of the max-min intr a-session fair allocation is
to maximize the minim um of fairness value in the fairness
vector. With the ordering de�ned, the optimal solution is
the one that maximizes F over the ordering � v , or to try to
get max� v hv1 ; v2 ; � � � ; vn i .

3.4 Summary
The social welfare and the intra-session fairness are two

di�eren t measuresin multicast services. Optimizing one of
them does not necessarily joepardize the other and we do
observe that in some caseswe can improve both measures
at the same time. We do not argue that the intra-session
fairness is a better measure than the social welfare in al-
locating receivers to one of the replicated multicast groups
and determining the rates of these multicast groups. Nor
do we object to the ideasof using or adapting the algorithm
maximizing one measureto get a (possibly approximate) so-
lution to the other problem. However we want to point out
that in general we cannot achieve the max-min intra-session
fairness by maximizing the social welfare and vice versa.

4. A FRAMEWORK FOR MAX-MIN INTRA-
SESSION FAIR ALLOCATIONS

4.1 Single Multicast Group
In a single group multicast session,all receivers get the

same group rate no matter what their capacities are. The

the fairnessfunction for each receiver and then we can de�ne
an ordering over multi-sets. However, we choose to use the
vector notation for the easeof presentation.

problem is to determine the rate of the group sothat the fair-
nessF is maximized with regard to � v . This dependson the
de�nition of individual fairnessfunction f . Given n receivers
with the capacity of receiver i being ci and ci � ci +1 for all
1 � i � n � 1, Table 4.1 givesthe optimal group rate to max-
imize the intra-sessionfairnessF for the functions de�ned in
Section 3. The computation can be complicated depending
on the de�nition of the fairness function. For example, the
solution for function f 4 needsto solve an equation P(x) = 0
if cn > 3c1 , where P(x) = x3 � 2cn x2 + 1:125c1c2

n . Note that
if receivers cannot tolerate loss (f (c; r ) = 0 if r > c, as in
f 0

1), we have to set the group rate to the slowest receiver to
avoid having an element of 0 in the vector. Another obser-
vation is that the group rate depends only on rates of the
slowest receiver and the fastest receiver. This is becausewe
imposethe requirement that the fairness function increases
monotonically over (0; c) and decreasesmonotonically over
(c;+ 1 ).

4.2 Multiple Multicast Groups
To deal with the heterogeneity problem of receivers, mul-

tiple multicast groups are used to send the content to re-
ceivers at di�eren t rates. Receivers with similar capacity
join the same group so that slower receivers will not a�ect
the performance of faster receivers. If the maximal number
of groups we can have is m, the problem becomesgrouping
receivers with similar rates together and assigning them to
one of the m groups with the goal of maximizing the intra-
sessionfairness F .

The brute force solution to the problem involves trying
every possible way to select m indices from n possibleposi-
tions. We develop a framework that can solve the problem
in polynomial time. The idea is to transform the original
problem to the longest path problem and then use a mod-
i�ed Dijkstra's algorithm [4] to solve it. In the following
discussion we assumeci � ci +1 for all 1 � i � n � 1.

Informally , we represent possible groupings of receivers
and their association with a multicast group as a directed
graph, with the vertices arranged in rows and columns asfol-
lows. For the problem of allocating n receivers to m groups,
we have n � m + 1 vertices. Figure 4 illustrates the casein
which we have 6 receivers and 3 groups. There is one col-
umn of vertices for each group; there is one row of vertices
for each receiver. Vertex vi;j in row i and column j rep-
resents the potential that the receivers assignedto group j
will start from receiver i . An edgefrom vi;j to vk ;j +1 (i � k)
represents that receiver i to receiver k � 1 will be grouped
together and assignedasgroup j . The weight on this edgeis
the intra-sessionfairnessvector of this multicast group. The
length of a path is the concatenation of elements from the
fairness vectors on the edgesin the path. The comparison
between the lengths of two paths is based on the ordering
� v de�ned in Section 3.3. Note we only need to compare
two paths with the sameend points and therefore, they have
the samenumber of elements in the vectors.

A solution is represented as a path that includes one ver-
tex per column in the graph. With the edgesand weights
as described, the longest path corresponds to an optimal
solution.

The correctness of the framework is straightforw ard. Any
allocation can be mapped to a path in the directed graph,
with the length of the path being the intra-session fairness
of the allocation. The fact that the path found by our al-



Fairness function Optimal group rate

f 1(c; r ) =

�

r if r � c
c if r > c r = cn

f 0
1(c; r ) =

�

r if r � c
0 if r > c and f 0

2(c; r ); f 0
3(c; r ); f 0

4(c; r ) r = c1

f 2(c; r ) =

�

r
c if r � c
c
r if r > c r =

p
c1 � cn

f 3(c; r ) = �

r 2

c2 if r � c
c2

r 2 if r > c
r =

p
c1 � cn

f 4(c; r ) = �

� �

1 � (1 � r
c )2 if r � c

1 � (1 � r
c )2 if c < r � 1:5c

1:125c
r if r > 1:5c

r = �

� �

2� c1 � cn
c1 + cn

if cn � 3c1

x; where x3 � 2cn x2 + 1:125c1 c2
n = 0 if cn > 3c1

and c1 � x � cn .

Table 1: Optimal group rate in the case of single multicast group
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Figure 4: A graph for six receiv ers and three groups

gorithm is the longest implies that the solution achievesthe
maximal intra-session fairness. Therefore, it is an optimal
solution.

4.3 Performance Results
We evaluate the performance of the max-min intra-session

fair algorithm and the maximal social welfare algorithm. We
have 100 receivers with capacities ranging from 0 to 1 fol-
lowing uniform, exponential and normal distributions. The
exponential distribution has a mean of 0.5 and we only use
those values between 0 and 1. The normal distribution has
a mean 0.5 and variance 0.25. The function f 2 is usedas the
individual fairness function in the calculation of the intra-
sessionfairness and the social welfare (equal weights). Fig-
ure 5 shows the minim um fairness for the max-min fair allo-
cation algorithm and the maximal social welfare algorithm
when the capacity of receivers follows the uniform distribu-
tion. As the number of groups in a sessionincreasesfrom 1
to 40, the minim um fairness of receivers increasesfrom 0.05
to more than 0.96. However there are signi�can t di�erences
between the max-min intra-session fairness algorithm and
the maximal social welfare algorithm. For example, when
the number of groups is 8, the max-min fairness algorithm
has a minim um fairness of 0.78 while the maximal welfare
algorithm has a minim um fairness of 0.34.

Figure 6 shows the minim um fairness when the capac-
it y follows the exponential distribution. The minim um fair-
nessis a bit closer between two algorithms, but we still can
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Figure 5: Minim um Fairness (Uniform)
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see the maximal welfare algorithm has a much lower min-
imum fairness than the max-min fairness algorithm, espe-
cially when the number of groups is between 4 and 14. We
have similar results in the caseof normal distribution.

To take a closer look at the fairness value for other re-
ceivers,we plot all elements of the fairnessfactor in Figures 7
and 8 when the number of groups is 12. We sort the fair-
nessvalue of receivers in increasing order. The x-axis is the
receiver index and the y-axis is the fairness of each receiver.
Figure 7 is the result when the distribution of receiver capac-
it y is uniform. The max-min fairness algorithm has larger
fairnessvaluesthan the maximal welfare algorithm when the
receiver index is smaller than 5, and therefore it is fairer for
those at the lower end of fairnessvaluesbasedon the fairness
function used. It is at the expenseof smaller fairness value
of those receivers having a higher index. Figure 8 shows
the result when the distribution is exponential. The max-
min fairness has higher fairness values than the maximal
welfare when the receiver index is smaller than 8. Though
the max-min fairness has a smaller total averageof fairness
values than the optimal welfare, it is \fairer" based on the
max-min criterion.
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Figure 9: Sharing with receiv ers in the same multi-
cast session
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Figure 10: Links shared by receiv ers from other ses-
sions

5. IMPLEMENTATION ISSUES
One of key issuesin the max-min fair allocation is to de-

termine the capacity for each receiver. When the links in the
path from the sourceto a receiver are not shared with other
unicast/m ulticast sessions,such as receivers in Figure 9, the
capacity of a receiver is the bandwidth of the bottleneck
link in the path becausethis is the maximal rate that the
receiver can get data from the source. When the links from
the source to a receiver are shared with other sessions,we
can use the multi-rate max-min fair allocation to determine
the bandwidth at each link that can be used by this mul-
ticast session [9]. For example, in Figure 10 we want to
know the capacities of receivers in a multicast sessionwith
A as the sender and a1, a2, ..., a6 as receivers. The links
(L1,L2) to receivers are shared with other two sessions,one
has sourceB and receiver b1 and the other has sourceC and
receiver c1. The bandwidth allocated to multicast sessionA
by the multi-rate max-min fair allocation is shown in Fig-
ure 11. The capacities for a1 to a6 are 3, 5, 6, 9, 12 and 18,
respectively.

The multi-rate max-min fair allocation can be implemented
end-to-end by using multiple multicast groups for each ses-
sion. If we have enough groups to use, we can achieve
their capacity for all receivers. We need to use six multi-
cast groups for sessionA. However, in practice we have to
implement with a limited number of groups and usually this
will inevitably result in an underutilization of bandwidth at
various points in the network. This is a tradeo� bandwidth
utilization for simplicit y of management and implementa-

A

6 9 53

a3 a4 a6 a1 a2
a5

S1 S2 S3

18 12

 18 12

18

Figure 11: Bandwidth allo cated for the session
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tion. The problem is: with a given number of groups we can
use, how should we divide receivers into groups and deter-
mine a rate for each group? We can use the algorithms in
the previous section to �nd the max-min intra-session fair
groupings and group rates. For example, if we can only use3
groups, the optimal solution is to group a1 and a2 together,
a3 and a4 together, and a5 and a6 together. Their rates will
be set to 3, 6 and 12, respectively.

Setting three multicast groups with rates 3, 6, 12 and
having receivers join corresponding groups will result in the
total rates over shared links exceeding the bandwidth allo-
cated for the session. For example, the total rate over link
L1 is 3+6+12=21, higher than the bandwidth allocated to
the session,which is 18. For real-time transmission where
not all receivers need to get the same data, we propose a
layering based solution. If we have m groups of receivers
and the max-min intra-session fair allocation results in the
group rates from r 1 to r m , we can implement it as m layers
and set the rate of layer i to r i � r i � 1 (assumer 0 = 0). All
the receivers in group i will listen to layer 1 up to layer i .
The actual rate of each receiver is still equal to the opti-
mal intra-session fair allocation while the total rate over a
given link will be smaller than or equal to the bandwidth
allocated. For the example in Figure 11, three layers will be
set at rates 3, 3 (= 6 � 3), and 6 (= 12 � 6). Receivers a1
and a2 listen to layer 1, a3 and a4 listen to layers 1 and 2,
a5 and a6 listen to layers 1, 2 and 3. They get the max-min
intra-sessionfair rate and the overall rate at each link is not
over the limit.

5.1 Performance Results
We evaluate the performance of the max-min intra-session

fair allocation and the maximal social welfare allocation in
the environment where links are shared with receivers from
other unicast/m ulticast sessions. The topology used is as
shown in Figure 10. The bandwidth for each link is labeled
next to it, except that we vary the bandwidth of link L2
from 1 to 50. The goal is to use three layers to implement
the multicast sessionwith receivers a1 to a6. We show the
results using the max-min fairness algorithm and the max-
imal welfare algorithm, with f 2 as the individual fairness
function.

Figure 12 shows the minim um individual fairness value
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over all receivers. When the bandwidth of link L2 is less
than 10, there is no di�erence becausereceivers a1, a2, and
a5 are all constrained by link L2 and has the capacity of 3.
When the bandwidth of L2 is between10 and 45, we seesig-
ni�can t di�erences betweenthese two algorithms. Figure 13
shows the averagefairness of receivers. We can seethat the
maximal welfare algorithm gets a higher average fairness
value, or better social welfare. However, we �nd that bet-
ter social welfare is achieved at the cost of lessintra-session
fair, especially for some unlucky receivers in the session.
Through these two plots, we can see the tradeo� between
the max-min intra-session fairness and the maximal social
welfare. While social welfare is an important measure for
grouping multicast receivers and rate assignment, we can-
not ignore the intra-session fairness if we want to be fair
among receivers in the samesession.

6. CONCLUDING REMARKS
In this paper we gave a formal de�nition of intra-session

fairness and illustrated its essential di�erence from social
welfare. Intra-session fairness is a very important concept
usually ignored in practice. In the case of single group
sessions,we gave optimal solutions to the max-min intra-
sessionfairness problem for many fairness function de�ni-
tions to set an appropriate group rate. In the caseof mul-
tiple group sessions,we presented an algorithm framework
that can generateoptimal solutions to the problem of group-
ing receivers to achieve the max-min intra-session fairness.
The novelty of the solution is that it does not depend on
any speci�c individual fairness function de�nition. We also
discussedimplementation issuesand showed the di�erence
in fairness achieved by the maximal social welfare and the
max-min intra-session fair allocations.

The future work includes investigating the heterogeneous
fairness function de�nitions. It is possible that di�eren t re-
ceivers want to usedi�eren t fairness functions. The problem
becomesmuch more complicated if the fairnessfunction is in
a complicated form, which may involve somespecial utilit y
each receiver is interested in. Our perception is that we may
not have a general solution and have to do an application
speci�c analysis to �nd an intra-session fair solution to the
problem.
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