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Abstract

Multicast communicationachievesscalability by sendingdatato multiple receiversat the sametime.

Receiversin a multicastsessionusuallysharethe fatewith eachother, even thoughtheir processingspeed

andthecapacityof thepaththey usecanbequitedifferent.A conventionalmulticastsessionusuallyconsists

of a singlemulticastgroupandtheproblemis how to setthegroupratesothatit is fair to bothfastandslow

receivers,to someextent. In a replicatedmulticastservice,receiversaredividedinto groupsbasedon their

capacitiesanda multicastsessioncanconsistof multiple multicastgroups. The questionis how to divide

receiversinto groupsexactly andsetappropriategroupratesso that it is fair to all the receivers. Most of

currentwork focuseson optimizing thesocialwelfare representedasa sumof someperformancemeasures

of receivers[Kar et al., 2002,Stoenescuet al., 2003]. In this paper, we de�ne a new conceptcalledintra-

sessionfairnessandgive anoptimalsolutionthatcanachieve fairnessamongreceiversin thesamesession.

Thegoalis to maximizetheminimumfairnessvalueof thereceivers.Thenoveltyof theframework is thatit is

independentof thespeci�c de�nition of thefairnessfunctionon individual receivers.We illustratea layering

methodto implementthemax-minintra-sessionfair allocationanddemonstratethesigni�cant differencein

fairnessachievedby themaximalsocialwelfarealgorithmandthemax-minintra-sessionfairnessalgorithm.

Keywords: fairness,multicast,replicatedservice

1 Intr oduction

Multicast communicationachievesscalabilityby sendingdatato multiple receiversat the sametime. Oneof

theimportantissuesto dealwith is theheterogeneityamongreceivers.Their processingspeedcanbedifferent.

Moreimportantly, thepathsfrom thesenderto themalsohavedifferentrates.However, thereceiversin thesame
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Figure1: A multicastsessionwith asinglegroup

multicastsessionusuallysharethefatewith eachother. A conventionalmulticastsessionusuallyconsistsof a

singlemulticastgroup,andthereceiversin thegrouphave to getdataat thesamerate.In someapplications,the

sendersimply transmitsat thelowestrateof all thereceivers. It is not sofair, to someextent,to thosereceivers

capableof receiving at a muchhigherspeed.In otherapplications,receiverscantoleratea certaindegreeof

packet lossandwe canset the sendingratehigher thanthe lowest rate. For example,for a multicastvideo-

on-demandserver, settingits sendingratehigher thanthe lowest ratemay improve the fairnessfor receivers

with highercapacities.In Figure1, a singlegroupmulticastsessionconsistsof oneserver S andfour receivers

R1; R2; R3 andR4. We cansetthegrouprateto 2 (the lowestrate),or settheratesomewhathigher(e.g.,4).

Herecomesthe®rst question.In a sessionwith a singlemulticastgroup,howshouldwesetthegroup rateso

that it is fair to someextentto bothfastandslowreceivers?

More recently, usingmultiple multicastgroupshasbeenproposedto dealwith the heterogeneityproblem

amongreceiversin themulticastcommunication[Bhattacharyyaet al., 1998,Kar et al., 2001,Kar et al., 2002,

Stoenescuetal.,2003,KwonandByers,2004].Theseschemestendto put thosereceiverswith similarcapacities

to thesamegroup,andit is fairerto thosereceiverswith ahighercapacity. In Figure1, wecanlet server S form

two multicastgroupsandeachgrouptransmitsat a differentrate.For example,onegroupwith rate2 transmits

datato receiversR1 andR2, andtheothergroupwith rate8 transmitsdatato receiversR3 andR4. Notethatall

receiversR1; R2; R3 andR4 arestill in thesamemulticastsessioneventhoughthey areallocatedto different

groups. This is becausethey arestill receiving the samecontent,and it is perfectly®ne to move a receiver

(R1; � � � ; R4) from onegroupto anotherthoughtheremaybeperformanceconsequences.

A moregeneralform of replicatedmulticastserviceis thereplicationof multicastservers. For example,in

Figure2, we have the multicastserver S replicatedat anotherplaceS2, which sendsout the samecontentas

S, but possiblyat a differentrate(thusquality). Eachof themcanform oneor moremulticastgroupsandeach

receiver will beallocatedto oneof thegroupsfrom eitherserver.
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Figure2: A multicastsessionwith multiplegroups

We needcriteriato guidetheallocationof receiversto oneof themulticastgroupsin thesession.Themost

widely usedmeasureis thesumof utilities of receivers[Kar etal.,2001].Receiversaredividedinto groupsand

thegroupratesaresetin sucha way thatthesumis maximized.This mayachieve bettersocialwelfare but, at

thesametime,hasto sacri®ceperformanceof somereceiversandthusunfair. Herecomesoursecondquestion.

In a sessionwith multiplemulticastgroups,howshouldwedividereceivers into groupsandsettheratesof those

groupssothat it is fair to someextentto all receivers?

In this paper, we give a formal de®nitionof intra-sessionfairnessamongreceivers in the samemulticast

session.Theconceptis basedona fairnessfunctionde®nedfor individual receiversandthegoalis to maximize

theminimumvalueof fairnessof receiversin thesamesession.

Startingwith asinglegroupmulticastsession,wegiveoptimalsolutionsto therateassignmentproblem(the

®rst question)for a varietyof fairnessfunctionde®nitions.Note thesolutionis speci®cto a fairnessfunction

andtherealwaysexistsanoptimal solutionto any fairnessfunction. Thenfor a sessionwith multiple groups,

wegive analgorithmthatcangenerateanoptimalsolutionto theproblemof groupingandrateassignment(the

secondquestion).Thenovelty of thesolutionmethodis that it is a generalframework andindependentof the

speci®cde®nitionof thefairnessfunction. It canbeusedto solve thegroupingandrateassignmentproblemin

a sessionwith multiple multicastgroupsaslong aswe have a solutionto the rateassignmentproblemfor the

fairnessfunctionin thesinglegroupsession.We illustrateamethodof implementingthemax-minintra-session

fair allocationby layeringanddemonstratethesigni®cantdifferencein fairnessachievedby themaximalsocial

welfarealgorithmandthemax-minintra-sessionfair allocation.

The restof the paperis organizedasfollows. Section2 discussesrelatedwork. Section3 givesa formal

de®nitionof intra-sessionfairness.In Section4, wegiveoptimalsolutionsto themax-minintra-sessionfairness

problemin sessionswith a singlegroupandwith multiple groups.We alsogive performanceevaluationof the

algorithms,in comparisonwith themaximalsocialwelfarealgorithm. Section5 discussesthe implementation
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issuesandillustratesa layeringmethodfor videostreamingapplications.Weconcludethepaperin Section6.

2 RelatedWork

Fairnessis oneof thekey issuesin bandwidthallocation.Max-min fairness[Jaffe, 1981]aimedat maximizing

the minimum bandwidthallocatedto unicast�o ws involved. It wasextendedto the multicastcasein [Tzeng

andSiu, 1997], whereall receivers in the samemulticastgroupareallocatedthe samegroup rate,which is

determinedby all links involved from the senderto all receivers in the group. The goal is to maximizethe

minimum grouprate. Theutility max-minfairnessmaximizesthe minimumof theutility of receiversinstead

of therate[CaoandZegura,1999]. Thescenariosdiscussedby themis differentfrom oursin thateachgroup

constitutesamulticastsessionandit is notpossibleto moveareceiver from onegroupto anotherto improve the

fairness.All of themfocusedon allocatingbandwidthamongmulticastgroups,andtherefore,fairnessamong

receiversis nota concern.

Multi-rate max-min fair allocationextendedthe multicastmax-min fairnessfurther to the casewherere-

ceivers in the samemulticastsessioncanreceive at differentrates[Rubensteinet al., 2002,Kwon andByers,

2004,Stoenescuet al., 2003]. However, the allocationalgorithmcannotbe usedto answerthe two questions

raisedin Section1 becauseits targetis theinter-sessionfairness,i.e., thefairnessbetweenreceiversfrom differ-

entsessionsratherthanthefairnessamongreceiversin thesamesession.In a multiratemulticastsession,each

receiver canreceive at a differentrate. Therefore,in a multicastsessionwith n receivers,we needto be able

to let themreceive at n differentrates.To implementmulti-ratemax-minfairnessend-to-end, we have to use

up to n groupsif we have n receivers. If thenumberof groupswe canuseis smallerthann, we still have the

problemsof decidingtheallocationof receiversinto groupsandchoosinga ratefor eachgroup,in away thatis

fair to receivers.This is theintra-sessionfairnessproblemwewantto solve in thispaper.

Another relatedwork is the useof multiple multicastgroupsto deal with the problemof heterogeneous

receiver capacities[Ammar andWu, 1992,Kaseraet al., 2000,Bhattacharyyaet al., 1998,Kar et al., 2001].

In theschemeof destinationsetsplitting [Ammar andWu, 1992] thesenderwould sendto differentgroupsat

differentratescontrolledby thefeedbackfrom thereceiversin eachgroup.Multiple multicastchannelswerealso

usedin a reliablemulticastschemeto reduceend-hostprocessingcostsandnetwork bandwidthusage[Kasera

et al., 2000]. Bhattacharyyaet al. designeda schemeto minimize theaveragetransfertime by usingmultiple

multicastgroupsin bulk datatransfer[Bhattacharyyaetal.,1998].Kar etal. addressedtheproblemof achieving

ratesthatmaximizethetotal receiver utility for multiratemulticastsessions[Kar et al., 2001,Kar et al., 2002].

Most of themaimedat optimizingsomeperformancemeasurethat is thesummation(or average)of receivers'
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performance,at thecostof sacri®cingperformanceof somereceivers.

Mostcloselyrelatedwork is theinter-receiver fairnesswhich intendsto solve thesameintra-sessionfairness

problem[Jiangetal.,1998].A fairnessfunctionis de®nedfor individual receiversandtheinter-receiver fairness

is de®nedasthe weightedsumof the fairness'of all receivers. Our observation [Fei andYang,2002] is that

thesumis optimized,but the fairnessof eachindividual receiver is not taken careof. It is still possiblethata

receiver hasa very small fairnessvaluein thesolution. Therefore,it is not so fair to thereceiver. In contrast,

wewill de®netheconceptof max-minfairnessthatwill maximizetheminimumfairnessvalueof thereceivers,

ratherthanoptimizethesummationof them.

3 Model

3.1 PerformanceMeasure of an Indi vidual Receiver

Performanceof receiverscanbe measuredin differentways. For bulk datatransfer, we may be interestedin

theratea receiver cangetdatafrom thesender. For multimediaapplications,we mayde®nemorecomplicated

utility functions,suchastheproportionof usefuldata.

Recallthatdueto thedifferencein theprocessingspeedandtherateof thepath,thecapacityof a receiver

to receive datafrom the sendercanvary from oneto another. We de®nethe measurementfunction with two

parameters.Oneis thecapacity(c) of thereceiver andtheotheris therate(r ) of themulticastgroupit receives

datafrom. Herearesomeexamples.

1) f 1(c;r ) = min (c;r ) =

8
<

:

r if r � c

c if r > c

2) f 2(c;r ) = min (c;r )
max (c;r ) =

8
<

:

r =c if r � c

c=r if r > c

3) f 3(c;r ) =

8
<

:

r 2=c2 if r � c

c2=r2 if r > c

4) f 4(c;r ) =

8
>>><

>>>:

1 � (1 � r =c)2 if r � c

1 � (1 � r =c)2 if c < r � 1:5c

1:125c=r if r > 1:5c

Theperformancecanbeassimpleastheactualreceiving rateasin f 1, whichtargetsatgettinganequalshare

for eachreceiver. An alternative is theratioof thegrouprateover thecapacitysuchasf 2, whichtriesto achieve

the goal that eachreceiver getsthe rateproportionalto its capacity. Performancemeasurementfor individual
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receiverscanbe even morecomplicated(e.g.,usingfunctionsf 3 andf 4). For mostmultimediaapplications,

evenif a receiver hasto dropsomepacketswhenthesendingrateis higherthanits capacity, thereis still some

valueto the receiver. That is why we de®nef (c;r ) > 0 whenr > c in thesefunctions. However, thevalue

to the receiver whenit hasto drop packets is not asgoodasin thecasewherethe sendingrateis equalto its

capacity. As amatterof fact,asthesendingrate(r ) increasesin therange(c;+ 1 ), thefairnessvaluedecreases

in f 2; f 3 andf 4. This impliesthatthehigherthesendingrate,thelessvaluefor thereceiver in this range.

In someotherapplications,suchas®le or softwaredistributions,dataareno useat all for a receiver if the

server is sendingata rate(r ) greaterthanits capacity(c) andthereceiver maylosepartof a®le. In thiscase,we

maypreferthefollowing fairnessfunctionsthathave value0 if r > c.

1') f 0
1(c;r ) =

8
<

:

r if r � c

0 if r > c

2') f 0
2(c;r ) =

8
<

:

r =c if r � c

0 if r > c

3') f 0
3(c;r ) =

8
<

:

r 2=c2 if r � c

0 if r > c

4') f 0
4(c;r ) =

8
<

:

1 � (1 � r =c)2 if r � c

0 if r > c

In somemultimediaapplications,if thesendingrateis lower thana certainlower bound,receiverswill not

be ableto get the minimal quality mediastreamandall the datawill be useless.Therefore,we cande®nea

groupof fairnessfunctionswith an additionalargument,i.e., the lower bound`. Obviously, ` � c. We can

de®nehj (c;`; r ) =

8
<

:

0 if r < `

f j (c;r ) if r � `
. If weexpandf j (c;r ), wegetthefollowing fairnessfunctions.

1) h1(c;`; r ) =

8
>>><

>>>:

0 if r < `

r if ` � r � c

c if r > c

2) h2(c;`; r ) =

8
>>><

>>>:

0 if r < `

r =c if ` � r � c

c=r if r > c

3) h3(c;`; r ) =

8
>>><

>>>:

0 if r < `

r 2=c2 if ` � r � c

c2=r2 if r > c
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Figure3: Fairnessfunctionsf1 andf3
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Figure4: Fairnessfunctionsf2 andf4

4) h4(c;`; r ) =

8
>>>>>><

>>>>>>:

0 if r < `

1 � (1 � r =c)2 if ` � r � c

1 � (1 � r =c)2 if c < r � 1:5c

1:125c=r if r > 1:5c

Similarly, we cande®neh0
j (c;`; r ) =

8
<

:

0 if r < `

f 0
j (c;r ) if r � `

.

Weplot functionsf 1 andf 3 in Figure3,andfunctionsf 2 andf 4 in Figure4,wherec = 1. All thesefunctions

(includingf 0
j 's, hj 's, andh0

j 's, where1 � j � 4) have thefollowing property:it monotonicallyincreasesover

(0; c) anddecreasesover (c;+ 1 ). The intuition behindthis is that the closerthe grouprateto the capacity,

the betterits performance.A receiver achievesthe maximalutility or fairnessif the grouprateis equalto its
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capacity.

Basedon themeasuresde®nedfor individual receivers,wewill de®nesocialwelfare andintra-sessionfair-

ness. Wewantto emphasizethatourde®nitionsandalgorithmsdonotdependonany speci®cform of functions

de®nedfor individual receivers,andonecanusewhatever performancemeasurehe/shethinksappropriatefor a

speci®capplication.

3.2 SocialWelfare

Thesocialwelfareemphasizesthetotal or averageperformanceof all receivers.Wede®nethesocialwelfareof

asessionwith n receiversastheweightedsumof performancemeasuresover all receivers,i.e.,

W =
nX

i =1

wi � vi

wherewi is the weight assignedto receiver i and vi is the performancevalue for receiver i using one of

the performancefunctions(f j ; f 0
j ; hj ; h0

j ) appropriatefor the application. For example, if we usef 2 as the

performancefunction for individual receivers, we have vi = f 2(ci ; rg(i ) ), where ci is the capacityof re-

ceiver i , g(i ) is the groupto which receiver i belongsandr g(i ) is its grouprate. The socialwelfarewill be

W =
P n

i=1 wi � f 2(ci ; rg(i ) ).

Theweights(wi 's)andperformancefunctionwill bedeterminedby aspeci®capplication.Thesimplestcase

for weightsis all wi = 1. Noteeven if f is somefairnessmeasurefor eachreceiver (for examplef 2), we still

considerW is asocialwelfaremeasure,notanintra-sessionfairnessmeasure.

3.3 Intra-SessionFairness

Intra-sessionfairnessachieves the fairnessamongreceivers in the samemulticastsession.Unlike the social

welfaremeasure,themainfocusisonindividualvaluesof someperformancefunctionf for receivers.Therefore,

wede®netheintra-sessionfairnessto beavectorof performancemeasuresof receivers1. Givenn receivers,the

intra-sessionfairnessof anallocationis de®nedasavector, i.e.,

F = hv1; v2; � � � ; vn i

wherevi is theperformancevaluefor receiver i usingoneof theperformancefunctions(f j ; f 0
j ; hj ; h0

j ) appro-

priatefor theapplication.
1Actually it canalsobede®nedasa multi-setof valuesof thefairnessfunctionfor eachreceiver andthenwe cande®neanordering

over multi-sets.However, we chooseto usethevectornotationfor theeaseof presentation.
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To comparetherelative fairnessbetweenallocations,we de®neanorderingover the fairnessvectors.It is

hardto comparetwo vectorsif their elements(vi 's) arenot ordered.Our ideais that for eachvector, we de®ne

a canonicalform in which elementsin the vectorareordered.We thende®nean orderingover the canonical

formsand®nally extendthatorderingto any fairnessvectors.

Def1: Thecanonicalformof vectorF isdenotedasC(F ). If F = hv1; v2; � � � ; vn i , thenC(F ) = hu1; u2; � � � ; un i ,

whereu1; u2; � � � ; un is a permutationof v1; v2; � � � ; vn , andui � ui +1 for all 1 � i � n � 1.

Def 2: We de®neanordering� v over canonicalforms. hu1; u2; � � � ; un i � v ht1; t2; � � � ; tn i if f thereexistsan

i (1 � i � n) suchthatui < t i andfor all 1 � j < i , uj = t j .

Def 3: Two vectorsF1 � v F2 if f C(F1) � v C(F2).

To make it completewede®neanequivalentrelationover fairnessvectors.

Def 4: Two vectorsF1 = v F2 if they have thesamecanonicalform, i.e.,C(F1) = C(F2).

Def 5: Two vectorsF1 � v F2 if F1 � v F2 or F1 = v F2.

Thegoalof themax-minintra-sessionfair allocationis to maximizetheminimumof fairnessvaluesin the

fairnessvector. With theorderingde®ned,theoptimalsolutionis theonethatmaximizesF over theordering

� v , or to try to getmax� v hv1; v2; � � � ; vn i .

3.4 Summary

The socialwelfareandthe intra-sessionfairnessaretwo differentmeasuresin multicastservices.Improving

oneof themdoesnot necessarilymake the otherworse. We do observe that in somecaseswe can improve

both measuresat the sametime. We do not arguethat the intra-sessionfairnessis a bettermeasurethanthe

socialwelfarein allocatingreceiversto oneof thereplicatedmulticastgroupsanddeterminingtheratesof these

multicastgroups.Nor do we objectto theideasof usingor adaptingthealgorithmmaximizingonemeasureto

geta (possiblyapproximate)solutionto theotherproblem. However, we want to point out that in generalwe

cannotachieve themax-minintra-sessionfairnessby maximizingthesocialwelfareandviceversa.
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4 A Framework for Max-min Intra-sessionFair Allocations

4.1 SingleMulticast Group

In asinglegroupmulticastsession,all receiversgetthesamegroupratenomatterwhattheircapacitiesare.The

problemis to determinetherateof thegroupsothatthefairnessF is maximizedwith regardto � v . Thisdepends

on the de®nitionof individual fairnessfunction (f j ; f 0
j ; hj ; h0

j ). Given n receivers,we assumethe capacityof

receiver i is ci andthelowerboundfor receiver i is ` i (` i � ci ). Without lossof generality, weassumeci � ci +1

for all 1 � i � n � 1. Notewe do not have assumptionsaboutthe relationshipsbetweeǹ i 's, andit is quite

possiblethat` i > ` i +1 for somei . Table1 givestheoptimalgrouprateto maximizetheintra-sessionfairnessF

for thefunctionsde®nedin Section3. AppendixA givesthedetailsonhow to derive theseresults.

Fairnessfunction Optimalgrouprate

f 1(c;r ) =

8
<

:

r if r � c

c if r > c
r = cn

f 2(c;r ) =

8
<

:

r
c if r � c

c
r if r > c

r =
p

c1 � cn

f 3(c;r ) =

8
<

:

r 2

c2 if r � c

c2

r 2 if r > c
r =

p
c1 � cn

f 4(c;r ) =

8
>>><

>>>:

1 � (1 � r
c)2 if r � c

1 � (1 � r
c)2 if c < r � 1:5c

1:125c
r if r > 1:5c

r =

8
>>><

>>>:

2� c1 � cn
c1+ cn

if cn � 3c1

x; wherex3 � 2cn x2 + 1:125c1c2
n = 0 if cn > 3c1

andc1 � x � cn .

f 0
j (c;r ) r = c1

hj (c;`; r ) r = max(max(` i ); r f j ), wherer f j is thesolutionto f j .

h0
j (c;`; r ) r =

8
>>><

>>>:

c1 if max(` i ) � c1

dependson f 0
j andrelative if max(` i ) > c1

valuesof ci 's and` i 's

Table1: Theoptimalgroupratein thecaseof singlemulticastgroup

In mostcases,we have a simplesolution. However, thecomputationcanbecomplicateddependingon the

de®nitionof thefairnessfunction.For example,thesolutionfor functionf4 needsto solveanequationP(x) = 0

if cn > 3c1, whereP(x) = x3 � 2cn x2 + 1:125c1c2
n . For f 0

j (j = 1; � � � ; 4), receiverscannottolerateloss

(f 0
j (c;r ) = 0 if r > c), wehaveto setthegrouprateto theslowestreceiver to avoid having anelementof 0 in the
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vector. For bothf j andf 0
j , thegroupratedependsonly on ratesof theslowestreceiver andthefastestreceiver.

This is becausewe imposethe requirementthat the fairnessfunction increasesmonotonicallyover (0; c) and

decreasesmonotonicallyover (c;+ 1 ). For h j andh0
j , lower boundvalues` i s play a role in thesolution. For

h0
j , we have a simplesolutionr = c1 if max(` i ) � c1. In thecaseswhenmax(` i ) > c1, thesolutiondepends

on the relative valuesof ci 's and` i 's. We do not have an algebraicsolution. Instead,we candesigna simple

algorithmto ®nd theoptimalgrouprate.

4.2 Multiple Multicast Groups

To dealwith theheterogeneityproblemof receivers,multiple multicastgroupsareusedto sendthecontentto

receiversat different rates. Receiverswith similar capacityjoin the samegroupso that slower receiverswill

not affect theperformanceof fasterreceivers. If themaximalnumberof groupswe canhave is m, theproblem

becomesgroupingreceiverswith similar ratestogetherandassigningthemto oneof them groupswith thegoal

of maximizingtheintra-sessionfairnessF .

Thebruteforcesolutionto theprobleminvolvestrying everypossiblewayto selectm indicesfrom n possi-

blepositions.Wedevelopa framework thatcansolve theproblemin polynomialtime. Theideais to transform

theoriginal problemto the longestpathproblemandthenusea modi®edDijkstra's algorithm[Dijkstra, 1959]

to solve it. In thefollowing discussion,weassumeci � ci +1 for all 1 � i � n � 1.

Informally, we representpossiblegroupingsof receiversandtheir associationwith a multicastgroupasa

directedgraph,with the verticesarrangedin rows andcolumnsas follows. For the problemof allocatingn

receiversto m groups,we have n � m + 1 vertices.Figure5 illustratesthecasein which we have 6 receivers

and3 groups. Thereis onecolumnof verticesfor eachgroup; thereis onerow of verticesfor eachreceiver.

Vertex vi;j in row i andcolumnj representsthatthereceiversassignedto groupj will startfrom receiver i . An

edgefrom vi;j to vk;j +1 (i � k) representsthatreceiver i to receiverk � 1 will begroupedtogetherandassigned

asgroupj . Theweighton this edgeis the intra-sessionfairnessvectorof this multicastgroup. Obviously we

only have edgesbetweenadjacentcolumns,andthoseedgesalwaysstartfrom a nodeon theleft sideandpoint

to a nodeon theright sideon thesamerow or below. An edgepointingto a nodeon thesamerow meansthat

no nodeswill be allocatedin this group. For clarity of presentation,we do not show theseedgesin Figure5.

Also removed from the ®gurearethoseedgesthat have to be combinedwith suchedgesto form a pathfrom

v1;1 to vn+1 ;m+1 . Thelengthof apathis theconcatenationof elementsfrom thefairnessvectorsontheedgesin

thepath.Thecomparisonbetweenthelengthsof two pathsis basedon theordering� v de®nedin Section3.3.

Noteweonly needto comparetwo pathswith thesameendpointsandtherefore,they have thesamenumberof

elementsin thevectors.
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Figure5: An examplewith six receiversandthreegroups

A solutionis representedasa paththat includesonevertex per columnin the graph. With the edgesand

weightsasdescribed,thelongestpathcorrespondsto anoptimalsolution.Thedetailsfor generatingtheoptimal

solutionaregivenin Algorithm 1. It makesuseof theoperationconcateto combinetwo vectorstogether. We

useL(u; v) to recordthe fairnessvector, andG(u; v) to recordhow the receiversaresplittedinto groups. It

startswith theinitialization of theedgesin thegraphby statements1 to 11. We useFvi;j ;vk ;j +1 to representthe

fairnessvectorcalculatedbasedonthede®nitionin Section3.3for thegroupwith receiversi; i + 1; � � � ; k � 1, if

i < k. Wealsode®neFvi;j ;vi;j +1 = hi, i.e.,avectorwith noelement.Statementsfrom 12 to 23 in thealgorithm

®nd thelongestpathfrom v1;1 to vn+1 ;m+1 . Theresultis in G(v1;1; vn+1 ;m+1 ), whichrecordshow thereceivers

shouldbesplitted.For example,if n = 10; m = 3 andG(v1;1; v11;4) = h3; 8; 11i , wewill know thatwe should

divide thereceiversinto threegroupswith 1,2asagroup,3, 4, 5, 6, 7 asagroup,and8, 9, 10 asagroup.

Thecorrectnessof theframework is straightforward. Any allocationcanbemappedto apathin thedirected

graph,with thelengthof thepathbeingtheintra-sessionfairnessof theallocation.Thefactthatthepathfound

by our algorithmis thelongestimpliesthatthesolutionachievesthemaximalintra-sessionfairness.Therefore,

it is anoptimalsolution.
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Algorithm 1 Generatingoptimalsolutionsfor themultiplegroupcase
1: for i = 1 to n do

2: L(v1;1; vi; 2) = Fv1;1 ;vi; 2

3: G(v1;1; vi; 2) = hi i

4: for j = 2 to m � 1 do

5: for i = 1 to n do

6: for k = i to n do

7: L(vi;j ; vk;j +1 ) = Fvi;j ;vk ;j +1

8: G(vi;j ; vk;j +1 ) = hki

9: for i = 1 to n do

10: L(vi;m ; vn+1 ;m+1 ) = Fvi;m ;vn +1 ;m +1

11: G(vi;m ; vn+1 ;m+1 ) = hm + 1i

12: for j = 3 to m do

13: for k = 1 to n do

14: Initialize L(v1;1; vk;j ) to avectorof lengthj � 1 with all elementsequalto zero

15: for i = 1 to k do

16: if L (v1;1; vk;j ) � v concate(L (v1;1; vi;j � 1); L (vi;j � 1; vk;j )) then

17: L(v1;1; vk;j ) = concate(L (v1;1; vi;j � 1); L (vi;j � 1; vk;j ))

18: G(v1;1; vk;j ) = concate(G(v1;1; vi;j � 1); G(vi;j � 1; vk;j ))

19: Initialize L(v1;1; vn+1 ;m+1 ) to avectorof lengthn with all elementsequalto zero

20: for i = 1 to n do

21: if L (v1;1; vn+1 ;m+1 ) � v concate(L (v1;1; vi;m ); L (vi;m ; vn+1 ;m+1 )) then

22: L(v1;1; vn+1 ;m+1 ) = concate(L (v1;1; vi;m ); L (vi;m ; vn+1 ;m+1 ))

23: G(v1;1; vn+1 ;m+1 ) = concate(G(v1;1; vi;m ); G(vi;m ; vn+1 ;m+1 ))
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Figure6: Minimum fairness(uniform)

4.3 PerformanceResults

We evaluatetheperformanceof themax-minintra-sessionfair algorithmandthemaximalsocialwelfarealgo-

rithm. We have 100receiverswith capacitiesrangingfrom 0 to 1. Threemethodsareusedto generatethem.

First, they areuniformly distributedfrom 0 to 1. Second,we generatevaluesthatfollow theexponentialdistri-

butionwith meanequalto 0.5. Weonly usethoesevaluesbetween0 and1. Theactualmeanof thecapacitiesof

the100receiversis 0.30. Third, we usethenormaldistribution with a meanof 0.5andvarianceequalto 0.25.

We alsoonly usethevaluesbetween0 and1. Thefunctionf 2 is usedastheindividual fairnessfunctionin the

calculationof the intra-sessionfairnessandthe socialwelfare(equalweights). Figure6 shows the minimum

fairnessfor themax-minfair allocationalgorithmandthemaximalsocialwelfarealgorithmwhenthecapacity

of receiversfollows theuniform distribution. As thenumberof groupsin a sessionincreasesfrom 1 to 40, the

minimumfairnessof receiversincreasesfrom 0.05to morethan0.96.However therearesigni®cantdifferences

betweenthemax-minintra-sessionfairnessalgorithmandthemaximalsocialwelfarealgorithm.For example,

when the numberof groupsis 8, the max-min fairnessalgorithmhasa minimum fairnessof 0.78 while the

maximalwelfarealgorithmhasa minimumfairnessof 0.34.

Figure7 shows theminimumfairnesswhenthecapacityfollows theexponentialdistribution. Theminimum

fairnessis a bit closerbetweentwo algorithms,but we canstill seethemaximalwelfarealgorithmhasa much

lowerminimumfairnessthanthemax-minfairnessalgorithm,especiallywhenthenumberof groupsis between

4 and14. Wehave similar resultsin thecaseof normaldistribution.

To take a closerlook at the fairnessvaluefor otherreceivers,we plot all elementsof the fairnessfactorin

Figures8 and9 whenthenumberof groupsis 12. We sort thefairnessvaluesof receiversin increasingorder.
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Figure7: Minimum fairness(exponential)
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Figure8: Fairnessof receivers(uniform)

Thex-axis is thereceiver index andthey-axis is the fairnessof eachreceiver. Figure8 is the resultwhenthe

distribution of receiver capacityis uniform. Themax-minfairnessalgorithmhaslarger fairnessvaluesthanthe

maximalwelfarealgorithmwhenthe receiver index is smallerthan5, andthereforeit is fairer for thoseat the

lower endof fairnessvaluesbasedon the fairnessfunctionused.It is at theexpenseof smallerfairnessvalue

of thosereceivershaving a higherindex. Figure9 shows the resultwhenthe distribution is exponential.The

max-minfairnesshashigherfairnessvaluesthanthemaximalwelfarewhenthereceiver index is smallerthan8.

Thoughthemax-minfairnesshasa smallertotal averageof fairnessvaluesthantheoptimalwelfare,it is fairer

basedon themax-mincriterion.
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Figure10: Sharingwith receiversin thesamemulticastsession

5 Implementation Issues

Oneof key issuesin themax-minfair allocationis to determinethecapacityfor eachreceiver. Whenthelinks

in thepathfrom thesourceto a receiver arenot sharedwith otherunicast/multicastsessions,suchasreceivers

in Figure10, thecapacityof a receiver is thebandwidthof thebottlenecklink in thepath,becausethis is the

maximalratethat the receiver cangetdatafrom thesource.Whenthe links from the sourceto a receiver are

sharedwith othersessions,wecanusethemulti-ratemax-minfair allocationto determinethebandwidthateach

link thatcanbeusedby this multicastsession[Rubensteinet al., 2002]. For example,in Figure11 we wantto

know thecapacitiesof receiversin a multicastsessionwith A asthesenderanda1, a2, ..., a6 asreceivers.The

links (L1,L2) to receiversaresharedwith othertwo sessions,onehaving sourceB andreceiverb1 andtheother

having sourceC andreceiverc1. Thebandwidthallocatedto multicastsessionA by themulti-ratemax-minfair

allocationis shown in Figure12. Thecapacitiesfor a1 to a6 are3, 5, 6, 9, 12 and18, respectively. Note that

L 1 andL 2 play a role in determiningthebandwidththatcanbeallocatedto thesessionbasedon themulti-rate

max-minfair allocation,andthecapacitiesof thereceivers.

Themulti-ratemax-minfair allocationcanbe implementedend-to-endby usingmultiple multicastgroups
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for eachsession.If wehaveenoughgroupsto use,wecanachievetheircapacityfor all receivers.Weneedto use

six multicastgroupsfor sessionA. However, in practicewehave to implementwith a limited numberof groups

andusuallythis will inevitably resultin anunderutilizationof bandwidthat variouspointsin thenetwork. This

is a tradeoff of bandwidthutilization for simplicity of managementandimplementation.Theproblemis, with a

givennumberof groupswe canuse,how shouldwe divide receiversinto groupsanddeterminea ratefor each

group?We canusethealgorithmsin theprevioussectionto ®nd themax-minintra-sessionfair groupingsand

grouprates.For example,if we canonly use3 groups,theoptimalsolutionis to groupa1 anda2 together, a3

anda4 together, anda5 anda6 together. Their rateswill besetto 3, 6 and12, respectively.

Settingthreemulticastgroupswith rates3, 6, 12 andhaving receiversjoin correspondinggroupswill result

in thetotalratesoversharedlinks exceedingthebandwidthallocatedfor thesession.Forexample,thebandwidth

allocatedto this sessionover link L1 is 18. However, thetotal rateof threegroupsover link L1 is 3+6+12=21,

higher than the bandwidthallocatedto the session,which is 18. For multimediaapplicationswherenot all

receiversneedto getall thedata,weproposealayeringbasedsolution.If wehavem groupsof receiversandthe

max-minintra-sessionfair allocationresultsin thegroupratesfrom r 1 to rm , we canimplementit asm layers

andsettherateof layerj to r j � r j � 1 (assumer 0 = 0). All thereceiversin groupj will listento layer1 up to

layer j . Theactualrateof eachreceiver is still equalto theoptimal intra-sessionfair allocationwhile thetotal

rateover a given link will be smallerthanor equalto thebandwidthallocated.For theexamplein Figure12,
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Figure13: Minimum fairness

threelayerswill besetat rates3, 3 (= 6� 3), and6 (= 12� 6). Receiversa1 anda2 listento layer1, a3 anda4

listento layers1 and2, a5 anda6 listento layers1, 2 and3. They getthemax-minintra-sessionfair rate.The

rateusedat eachlink is thesumof theratesof the layersgoing throughthat link. All threelayersgo through

bothlinks L1 andL2. Therefore,therateusedatL1 is 3 + 3 + 6 =12. Thisdoesnotexceedtherateallocatedto

this sessionover link L1. Thesameis truefor link L2, exceptthatthetotal rateusedis equalto thebandwidth

allocatedto thissessionover link L2.

5.1 PerformanceResults

We evaluatethe performanceof the max-min intra-sessionfair allocationandthe maximalsocialwelfareal-

locationin the environmentwherelinks aresharedwith receivers from otherunicast/multicastsessions.The

topologyusedis shown in Figure11. Thebandwidthfor eachlink is labelednext to it, exceptthatwe vary the

bandwidthof link L2 from 1 to 50. Thegoal is to usethreelayersto implementthemulticastsessionwith re-

ceiversa1 to a6. Weshow theresultsusingthemax-minfairnessalgorithmandthemaximalwelfarealgorithm,

with f 2 astheindividual fairnessfunction.

Figure13 shows theminimumindividual fairnessvalueover all receivers. Whenthebandwidthof link L2

is lessthan10, thereis no differencebecausereceiversa1, a2, anda5 areall constrainedby link L2 andhas

the capacityof 3. Whenthe bandwidthof L2 is between10 and45, we seesigni®cantdifferencesbetween

thesetwo algorithms.Figure14 shows theaveragefairnessof receivers. We canseethat themaximalwelfare

algorithmgetsa higheraveragefairnessvalue,or bettersocialwelfare. However, we ®nd that bettersocial

welfareis achievedat thecostof beingnot sofair to someunlucky receiversin thesession.Throughthesetwo

plots,wecanseethetradeoff betweenthemax-minintra-sessionfairnessandthemaximalsocialwelfare.While
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Figure14: Averagefairness

socialwelfareis an importantmeasurefor groupingmulticastreceiversandrateassignment,we cannotignore

theintra-sessionfairnessif we wantto befair to receiversin thesamesession.

6 Conclusion

In this paperwe gave a formal de®nitionof intra-sessionfairnessandillustratedits essentialdifferencefrom

socialwelfare. Intra-sessionfairnessis a very importantconceptusually ignoredin practice. In the caseof

single group sessions,we gave optimal solutionsto the max-min intra-sessionfairnessproblemfor various

fairnessfunctionde®nitionsto setanappropriategrouprate.In thecaseof multiplegroupsessions,wepresented

analgorithmframework thatcangenerateoptimalsolutionsto theproblemof groupingreceiversto achieve the

max-minintra-sessionfairness.Thenovelty of thesolutionis thatit doesnot dependon any speci®cindividual

fairnessfunction de®nition. We also discussedimplementationissuesand showed the differencein fairness

achievedby themaximalsocialwelfareandthemax-minintra-sessionfair allocations.

The future work includesinvestigatingthe heterogeneousfairnessfunction de®nitions. It is possiblethat

differentreceiverswantto usedifferentfairnessfunctions.Theproblembecomesmuchmorecomplicatedif the

fairnessfunctionis in acomplicatedform, whichmayinvolve somespecialutility eachreceiver is interestedin.

Ourperceptionis thatwe maynothave ageneralsolutionandhave to doanapplicationspeci®canalysisto ®nd

anintra-sessionfair solutionto theproblem.
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A Derivation of the Optimal Group Rate

Then receivershavecapacitiesc1; c2; � � � ; cn , with ci � ci +1 for 1 � i � n � 1. Wewantto ®nd thegrouprate

x, suchtheintra-sessionfairnessde®nedashf (c1; x); f (c2; x); � � � ; f (cn ; x)i is maximizedwith regardto � v.

Let c0 = �1 andcn+1 = + 1 . Without lossof generality, we assumethat ci < x � ci +1 for some

0 � i � n.

For functionf 1, thefairnessvectorof thegroupis hc1; c2; � � � ; ci ; x; � � � ; xi . To maximizeit, weneedto set

i to ben. Thatis, whenx = cn , thefairnessis maximizedwith regardto � v.

For function f 2, the fairnessvectorof thegroupis hc1
x ; c2

x ; � � � ; ci
x ; x

ci +1
; � � � ; x

cn
i . Thesmallestelementis

either c1
x or x

cn
, becausecj

x � c1
x for 2 � j � i , and x

cj
� x

cn
for i + 1 � j � n � 1. If x is too small, x

cn
will

be too small. If x is too big, c1
x will be too small. To maximizethe fairnessvector, we set c1

x = x
cn

. That is,

x =
p

c1 � cn . Similarargumentscanbemadefor functionf 3.

ci cnc1 X

Y

1

o

receiver i receiver nreceiver 1

11.5c

2y=1�(1�x/c )1

y=1.125c /x1

y=1�(1�x/c )n 2

x

Figure15: Solutionfor f4

For functionf 4, we startwith anobservation that if x < c1 or x > cn , we will have a very smallelement

in the fairnessvector. Assumethat the fairnessfunction for receiver n interceptswith the fairnessfunctionof

receiver 1 atx, asshown in Figure15. Thenext questionwewantto answeris whetherx � 1:5c1 or x > 1:5c1.

To ®nd out,we let 1 � (1 � x=c1)2 = 1 � (1 � x=cn )2, andgetx = 2� c1 � cn
c1+ cn

. In orderfor x � 1:5c1, we have

2� c1 � cn
c1+ cn

� 1:5c1, i.e.,cn � 3c1. That is, whencn � 3c1, thefunctionof receiver n interceptswith thefunction

of receiver 1 at x = 2� c1 � cn
c1+ cn

, which make themhave thesamefairnessvalue,while thefairnessvaluesof other

receiversaregreaterthanthis value. If we setthegrouprateto somevalueotherthanx, it will make eitherthe

fairnessvalueof receiver n or receiver 1 to besmallerthanits currentvalue,andthusmake theoverall fairness

vectorsmallerthanthecurrentvector. Therefore,thegrouprateshouldbesetto 2� c1 � cn
c1+ cn

whencn � 3c1.
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Whencn > 3c1, the function for receiver n interceptswith the function for receiver 1 at somex > 1:5c1.

Sowe let 1:125c1
x = 1 � (1 � x

cn
)2, andgetx3 � 2cnx2 + 1:125c1c2

n = 0. Theoptimalsolutionis to setthe

grouprateto x, suchthatx3 � 2cnx2 + 1:125c1c2
n = 0 andc1 � x � cn .

For fairnessfunctionsf 0
j (c;r ), if thegrouprater is greaterthanc1, it will causethefairnessvalueof receiver

1 to be0. Therefore,we have to setthegrouprater to c1 to maximizethefairnessvectorwith regardto � v.

For fairnessfunctionshj (c;`; r ), if thesolutionto thecorrespondingf j is biggerthanmax(` j ), thentheso-

lution r f j is thesolutionto hj . If r f j is smallerthanmax(` j ), wehaveto setthegrouprateto max(` j ) to ensure

thatno elementin thefairnessvectoris zero.Therefore,wehave to setthegrouprater to max(max(` i ); r f j ).

For fairnessfunctionsh0
j (c;`; r ), if max(` i ) � c1, wecansetthegrouprateto c1 to ensurethatno element

in thefairnessvectoris zero. If max(` i ) > c1, theoptimalgroupratewill dependon f 0
j andrelative valuesof

ci 's and` i 's.
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